We apply HQET to semi-leptonic B meson decays into a variety of excited charm states. Using three realistic meson models with fermionic light degrees of freedom, we examine the extent that the sum of exclusive single charmed states account for the inclusive semi-leptonic B decay rate. The consistency of form factors with the Bjorken and Voloshin sum rules is also investigated.
Introduction
various quark masses are chosen to best fit the heavy-light data. The resulting form factor predictions are quite similar and the variety of different models used provides an assessment of the confidence one has in predictions of this sort.
In Section 2 we briefly review our previous exclusive form factor results, and in Section 3 we outline the three Dirac-like hadronic models that are used for our numerical results.
In Section 4 predictions for elastic and inelastic branching ratios into a single charmed hadron are compared with other results that can be found in the literature. A discussion of theoretical and experimental results of fractional semi-leptonic decay rates is found in Section 5. By considering fractional inclusive rates it is plausible that much of the uncertainty associated with the V cb value, quark masses, and QCD corrections cancels out.
The consistency of form factors with the Bjorken and Voloshin sum rules is considered in Section 6. A summary of the results and our conclusions are given in Section 7.
Isgur-Wise form factors and semi-leptonic B decays in the heavy-quark limit
In the m Q → ∞ limit the angular momentum of the LDF decouples from the spin of the heavy quark, and both are separately conserved by the strong interaction. Therefore, total angular momentum j of the LDF is a good quantum number. For each j there are two degenerate heavy meson states (J = j ± 1 2 ), and we can label states as J P j .
In HQET the covariant trace formalism [10, 11, 12] is the most convenient for keeping track of the relevant Clebsch-Gordan coefficients and for counting the number of independent form factors. Using the notation of [13] , the lowest lying mesonic states are labeled as follows: C and C * denote 0
The above expressions can be found in [14] - [17] .
The only unknown quantity in the expression (1) is the appropriate IW form factor ξ * * (ω). Since these form factors cannot be calculated from first principles, one has to rely on some model of strong interactions. By comparing the wave function approach of [18] with the covariant trace formalism of [10, 11, 12] , and performing the necessary integrations in the modified Breit frame (as suggested in [15] ), one finds the expressions for the unknown form factors in terms of the LDF rest frame wave functions and energies [3] .
These expressions include transitions from the ground state into radially excited states, and are given as ξ C (ω) = 2 ω + 1 j 0 (ar) 00 (C → C, C * transitions) ,
In the above formulae a is defined in terms of the initial (E q ) and final (E ′ q ) energies of the LDF as
The expectation values appearing in (10)-(13) are defined as
This follows from the form of the wave function in the Dirac-like models with spherical symmetry,
where
and α denotes all other quantum numbers.
Modelling the light degrees of freedom
In order to obtain a reasonable estimate of the model dependence of our results, we employ three qualitatively different realistic models to describe heavy-light mesons: the Dirac equation with scalar confinement (DESC), the Salpeter equation with vector confinement (SEVC), and the relativistic flux tube confinement (RFTC). All three models involve a short range Coulomb potential. With wave function of the form (16) , it can be shown [19, 20] that all three models satisfy a radial equation of the form
and
The 2 × 2 matrices I L and I I will be defined when the specific models are discussed. The numerical methods used to deal with these three models are described in [19, 20] .
Dirac equation with scalar confinement (DESC)
Scalar confinement is the only type of confinement potential that has correct sign of the spin-orbit coupling. In the Dirac equation it also yields linear Regge trajectories. This model also assumes a time component vector short range Coulomb interaction. Specifically, we have
The parameter values chosen to give an excellent fit (see Table 1 ) to the heavy-light spin averaged data [21] are
The quality of fit is insensitive to the value of m u,d and the confinement tension b was chosen to yield the universal Regge slope [17] . 
Salpeter equation with vector confinement (SEVC)
The instantaneous version of the Bethe-Salpeter equation [24, 25] (usually referred to as the Salpeter equation [26] ) is widely used for the discussion of bound state problems. It is also equivalent [27] to the so called "no-pair" equation [28] , which was introduced in order to avoid the problem of mixing of positive and negative energy states that occurred in the Dirac equation for the helium atom. A similar problem also occurs for a single fermionic particle moving in the confining Lorentz vector potential. For a very long time [29] it has been known that there are no normalizable solutions to the Dirac equation in this case.
It has been shown analytically for the heavy-light case [19] , and numerically for the case of fermion and antifermion with arbitrary mass [30, 31] , that in this type of model linear scalar confinement does not yield linear Regge trajectories. We have therefore used time component vector confinement with short range Coulomb interaction, even though it is well known that this model gives the wrong sign of the spin-orbit coupling.
In this model matrices I L and I I are given by
Again we fix the confinement tension b to yield the universal Regge slope, and choose our parameters as
to obtain an excellent fit to the spin averaged heavy-light states, as shown in Table 1 .
Relativistic flux tube confinement (RFTC)
In the RFTC model formalism for fermionic quark confinement is unusual in that the confinement is introduced into the kinetic rather than in the usual interaction term. The flux tube contributes to both energy and momentum, so it makes little sense to consider it as a "potential" type interaction. By a covariant substitution we add the tube to the quark momentum and energy. We may equivalently view this as a "minimal substitution" of a vector interaction field. The result nicely reduces to the Nambu string in the limit in which the quark moves ultra-relativistically. This physically motivated generalization of the potential model incorporates many aspects of QCD [20] .
In this model the I L matrix is the same as in (23), while the interaction matrix I I is given by
In the above T t is defined as
The flux tube energy and momentum, obtained by symmetrization of the classical expressions [32, 33] , are defined by ({A, B} = AB + BA)
The only unknown operators in the above expressions are v ±k ⊥ . These are determined from the heavy-light orbital angular momentum equation as in the spinless RFT model [33] .
With the definition W r = p 2 r + m 2 , these equations are [20 
The numerical technique used to solve for v ⊥ is discussed in detail elsewhere [33] .
Theoretical predictions of the model with parameters
are shown in Table 1 . Again, the agreement with spin-averaged experimental masses is very good.
We conclude this section by noting that all of the above models have been used for the calculation of the elastic IW form factor [19, 20] , and the predicted IW functions (ξ C (ω))
were all quite consistent with the experimental data [34, 35] .
Branching ratios and comparison with other results
Our results for branching ratios obtained from the three different models discussed in Section 3 are shown in Table 2 . We have assumed here that V cb = 0.040 and τ B = 1.5ps. [37] , and with the model of Sutherland et al.
(SHJL model) [38] . It is worth noting that results quoted for SISM and CNP are also obtained in the heavy quark limit. 
and results given in Tables 2 and 3 imply that all models we used, as well as the ISGW2
and SHJL models, require V cb slightly lower than 0.040. In our models values range from about 0.036 for DESC, to about 0.038 for RFTC and SEVC. On the other hand, ISGW2
is consistent with 0.035, SHJL gives about 0.036, and SISM and CNP models agree with V cb of about 0.040. From Table 3 it can also be found that
On the other hand, our calculation with three different models yields (see Table 4 )
The results quoted in (36) and (37) imply an experimental ratio of
It is interesting to note that ratio of polarization states of D and D * is 0.33.
Individual contributions of P -wave j = 3 2 states to the total semi-leptonic decay rate is another interesting point. From Table 2 it can be seen that the total semi-leptonic branching ratio for B → D 1 and B → D * 2 is expected to be
% , for RFTC 0.69
% , for DESC 0.79
These results are slightly larger than the ISGW2 result of 0.65
1.50ps
%, and significantly disagree with SISM, CNP, and SHJL models (0.20, 0.37, and 0.46
respectively). However, as one can see from Table 4 , our ratios of these two P wave decays are qualitatively different from the one obtained in ISGW2 and SHJL, and agree with SISM and CNP models. We find
while the other models yield
Again, it is interesting to note that the ratio of number of polarization states of D 1 and D * 2 is 0.6. It remains to be seen whether this discrepancy between our results (which are obtained in the heavy-light limit) and ISGW2 and SHJL 4 models can be explained with large 1 mc effects [40] .
As already mentioned, within the HQET framework the only model dependent input for the decays C → C, C * and C → F, F * are the unknown IW functions. For these decays the uncertainty introduced by using a particular model is about 10%. For other decays, D * * mass is not known, so that in the calculation of decay rates we used predictions of a particular model. Therefore, one should expect larger discrepancies between different models. From Table 2 one can see that this is indeed the case. However, results obtained from the three different models are not significantly different. For example, for the decays C → E, E * uncertainty the introduced by using a specific model is about 20%. Also, as one can see from Table 4 , the ratios of the two exclusive decay widths for members of the same doublet are all consistent, which is the consequence of the application of HQET. 4 In [38] one can also find results obtained in the heavy quark limit. These are in general much smaller than our results, but the ratios of partial widths for the B decays into the members of the same D * * doublet agree much better with our predictions.
Fractional semi-leptonic decay rates
The exclusive decay rates discussed earlier suffer from a variety of theoretical oversimplifications. Some of the things which were not taken into account are QCD corrections, spectator effects, and deviations from exact heavy quark symmetry. In addition, there are several parameters which need to be specified before definite predictions can be made.
Among these are the CKM parameter V cb , the b-quark lifetime, and the quark masses.
Many of the above problems can be reduced by considering fractions of the inclusive b → ceν e rate. In particular, V cb exactly cancels. Also, since the sum of the exclusive rates equals the inclusive rate, and since the inclusive calculation is structurally similar to the exclusive ones, there should be some cancellation of the QCD, spectator corrections, and heavy quark mass dependence. Since the inclusive rate has been measured, one can directly compare these fractional predictions with experiment in several cases.
The inclusive spectator model decay rate for b → ceν e is [41, 42] 
where [43] I(x, 0, 0
If for the moment we ignore the oversimplifications of the above inclusive model and assume V cb = 0.040, the b-quark lifetime of τ b = 1.5 × 10 −12 s, and the quark masses of the three realistic models given in (22), (27) , and (35), we find a total branching ratio 
The experimental branching ratio, [44] BR(B − → Xe 
is in excellent agreement with the above numbers. However, one should keep in mind that the predicted value is very sensitive to the choice of V cb , τ b , and quark masses.
One plausibly assumes that ratio of the exclusive branching ratios to the inclusive one,
will be more accurate than either of these separately. We first apply this idea to B → D and B → D * decays. From (36) , (37) and (47) we find experimental fractions,
From Table 2 one can see that our three models predict
The predicted values are reasonably consistent with measurement in all cases.
The fraction of semi-leptonic decay into final states other than D or D * is by (49) and
From Table 2 we see that three models discussed in this paper imply 
It is interesting to observe that single excited charmed states alone are nearly consistent with accounting for the entire inclusive semi-leptonic decay fraction. As a more direct way of seeing this note the total fractional percentage in Table 3 . The predicted fraction into all D * * states lies at 89% or above for the three models discussed in this paper.
6 Consistency with sum rules
The Bjorken sum rule
The Bjorken sum rule [7, 8] relates the derivative of the elastic form factor to the values of inelastic S-to P -wave form factors at the zero recoil point. In our notation,
Since the S-to P -wave form factor normalizations at the zero recoil point are not fixed (as is the case of the elastic form factor ξ C ), but instead depend on the energies and wave functions of the LDF [3, 17] , it is not immediately obvious that form factors obtained from the three different models will also satisfy the Bjorken sum rule. In particular, we observe from (55) the manifestly valid inequality
On the other hand, it follows from (10) that [3, 15] − ξ
Combined together, these two bounds imply
One may ask here whether the above two bounds for −ξ ′ C (1) are consistent, or can one devise a model for which the S-to P -wave form factors in (58) come to less than 1 4 [3].
With this in mind we have evaluated numerically both sides of (55) in order to check self consistency of the three models used in this paper. In the sum of the right-hand side of (55) we included the lowest P -waves plus the first two radial excitations. For the Dirac equation with scalar confinement, with parameters given in (22) , the direct evaluation
while the sum rule approach (the right-hand side of (55) 
For the Salpeter equation with vector confinement, with parameters given in (27), we obtained after direct evaluation
and the sum rule result was
Similarly, the relativistic flux tube model confinement, with parameters given in (35), yields after the direct evaluation
while the sum rule approach gives
It is also worthwhile noting here the CLEO result for derivative of the renormalized form factor [35] −ξ ′ C (1) = 0.84 ± 0.12 ± 0.08 .
Since all the terms on the right-hand side of (55) are positive definite, and since we are neglecting nonresonant contributions to final states containing a pion (even if those were small), one might argue that in a self-consistent model result for −ξ
by direct calculation should be smaller than the one obtained in the sum rule approach.
Indeed, this is what happens in all three of the heavy-light models used in this paper.
Furthermore, for all three models (and especially for the DESC and RFTC) the sum rule is very close to being saturated by the resonant contributions.
However, we must also mention at this point that a similar calculation was also performed in [38] . These authors find (also in the heavy quark limit)
after the direct calculation, and
in the sum rule approach (using only the lowest P -wave mesons). The above result shows that the sum rule is far from being saturated by resonances. The difference between the two approaches was in [38] explained as being mainly due to nonresonant contributions to final states containing a pion.
The Voloshin sum rule
The Voloshin sum rule [9] is the analog of the "optical" sum rule for the dipole scattering of light in atomic physics. In terms of our form factors and energies of the LDF (E D * * = m D * * − m c ), it can be written in the form
Here E To evaluate the right-hand side of (68), we have used the spin-averaged energies of the LDF in D and D * and other D * * doublets (because the spin-averaged experimental masses were used in numerical calculations which determined quark masses). As before,
we have used the lowest P -waves plus the first two radial excitations for both, j = 
which is smaller than the predicted value of 0.5. On the other hand, the Salpeter equation
with vector confinement (SEVC), with parameters given in (27) , results in 
These two results are about 20% higher than the predicted value of 0.5. Again, we emphasize that in the case of the Voloshin sum rule numerical results are much more dependent on the unknown charm quark mass and other parameters of the model. Unfortunately, we are not aware of any other model which has used the Voloshin sum rule as a test of self-consistency, so that we cannot compare our result with the literature. Nevertheless, we do have to say that two out of three heavy-light models used here (SEVC and RFTC) appear to be inconsistent as far as Voloshin sum rule is concerned. Based on the above calculations, one might also argue that the DESC model predictions are the most reliable of all the results presented in this paper.
Conclusion
We have examined the role of semi-leptonic B decay into higher charmed mesons. Within a HQET framework we have evaluated branching ratios for B → D * * eν e , where the D * * are all S-and P −wave mesons, D−wave mesons with j = 3 2 , and some of their radial excitations. Our numerical calculations are based upon three realistic models. In each case a light fermion interacts with a fixed source. A short distance vector Coulomb interaction is used, and at large distances the fermion is confined by a scalar, time-component vector, or a flux tube. effects play an even more significant role. All three of the heavy-light models used in this paper give results which are slightly higher than the sum rule prediction. Nevertheless, given the large qualitative differences between models itself, and the fact that their predictions are very similar in all cases, we believe that all the results presented in this paper are trustworthy.
We have also compared our results with other calculations available in the literature.
We find significant disagreements with [36] and [38] in ratios of decay widths for B decays into the members of the same D * * doublet. On the other hand, our results are in general significantly larger than the ones obtained in [16] and [37] . ) of the singlet mass for the S(P ) waves).
Theoretical results are obtained from the three heavy-light models discussed in the text.
Model parameters are given in (22) (DESC), (27) 
